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Abstract. Generalizing the results of [6], [3] and [7], we define an adelic 
version of the Maass space for hermitian modular forms of weight k regarded 
as functions on adelic points of the quasi-split unitary group U(2, 2) associated 
with an imaginary quadratic extension F/Q of discriminant Dp. When the 
class number hp of F is odd, we show that the Maass space is invariant 
under the action of the local Hecke algebras of U(2, 2)(Qp) for all p \ Dp. As 
a consequence we obtain a Hecke-equivariant injective map from the Maass 
space to the hp-io\d direct product of the space of elliptic modular forms 
Mk.^ToiDp)). 

1. Introduction 

In 1977 Saito and Kurokawa [8] conjectured that cusp forms in S2fc-2(SLi2(Z)) 
can be lifted to Siegel modular forms of weight k and that this lifting is Hecke- 
equivariant in an appropriate sense. This conjecture was proved in a series of 
papers by Maass [S], Andrianov [T], and Zagier [T3j, and later reformulated and 
proved using the language of representation theory by Piatetski-Shapiro [10] . In 
the 1980s Kojima [6] and Gritsenko [3] proved the existence of a similar lifting 
from the space of modular forms of level 4 and non-trivial character to the space 
of hermitian modular forms. The group U(2, 2) for which the hermitian modular 
forms were defined was associated with the extension Q(i)/Q. Following [6] we will 
refer to the image of this lifting as the Maass space and to the lifting itself as the 
Maass lifting. In 1991 Krieg [7j extended the results of [6] and [3] to imaginary 
quadratic fields and showed Hecke-equivariance of the Maass lifting for a certain 
family of Hecke operators living in the local Hecke algebra at p, for p any inert 
prime. As [6], [3] and [7] all treated hermitian modular forms as classical objects 
(i.e., as functions defined on a higher-dimensional analogue of the complex upper 
half-plane), their methods did not yield Hecke-equivariance of the lift under the 
action of local Hecke algebras at split primes, except when the class number of F 
was one ([3]). 

In this article we define an adelic version of the Maass space by imposing a con- 
dition on the Fourier coefficients of hermitian modular forms regarded as functions 
on U(2, 2)(A) (Dcfinition l5.1[) . In fact our definition reduces to that of Krieg's when 
the class number of F is one. We also show that the adelic Maass space, which we 
denote by A4k, is invariant under the action of local Hecke algebras at all primes p 
not ramified in F/Q (Theorem 16. 1|) . 

To prove Hecke-equivariance of the Maass space we assume that the class num- 
ber Kf of F is odd, and in that case we show that M.^ is isomorphic to hp 
copies of Krieg's Maass space (Proposition 15. 9p . hence we obtain a lifting from 
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Mk-i(DF, Xf) Hf to A4k together with a homomorphism from the Hecke algebra of 
Mk into the space of endomorphisms of Mk-i{DF,XF) hp generated by the classi- 
cal Hecke operators T p (for p split) , (for p inert) and the group of permutations 
of the factors in M k ~i{D F ,XF) hF (Theorems PI and Of . 

In [5] the author used Hecke-equivariance of the Maass lifting for the extension 
Q(i)/Q proved in [3] to construct congruences between Maass forms and non-Maass 
forms and as a consequence give evidence for the Bloch-Kato conjecture (Theorem 
7.11 and Corollary 9.9 in [5]). We hope to be able to use Theorem 16.11 to extend 
the results of [5] to all imaginary quadratic fields of odd class number. 

We believe that our assumption on the class number of F is unnecessary and we 
make it here only to make the proofs simpler. We work with the Hecke algebra for 
the algebraic group U(2, 2) instead of GU(2, 2) which is the case in [3] and [7], but 
our results easily imply analogous ones for GU(2, 2). Finally we want to point out 
that the Maass lifting we obtain agrees with a lifting that has recently been defined 
by Ikeda [4] using a different approach. Our result provides an explicit description 
of the image of that lifting as well as explicit formulas for the descent of Hecke 
algebras. 

2. Definitions 

Let F be an imaginary quadratic field with ring of integers O p . We denote by CIf 
the class group of F and set hp := # CIf- For any affine group scheme X over Op 
and any Z-algebra A, we denote by x i— > x the automorphism of (Rese> F /z X){A) 
induced by the non-trivial automorphism of F/Q. Note that (Rese> F /z X)(A) can 
be identified with a subgroup of GL n (A <8> Of) for some n. In what follows we 
always specify such an identification. Then for x S (Res OF / z X)(A) we write x 1 
for the transpose of x, and set x* :— x l and x := (a;*) -1 . Moreover, we write 
diag(eti, a%, ■ ■ ■ , a n ) for the n x n-matrix with oi, a%, ■ ■ ■ o, n on the diagonal and all 
the off-diagonal entries equal to zero. 

To the extension F/Q we associate the quasi-split unitary group 

\](n,n) := {g e Res OF/z GL 2n/OF | gj n g* = J n }, 

where J n — [ 1 ~ In ] and /„ stands for the n x n identity matrix. For q G 
Reso F /z GL n /o F , we set p q := [ q $] S U(n, n). We will also write G for U(2, 2) 
and J for J 2 . 

For a prime ideal p of F, let F p denote the completion of F with respect to the 
valuation induced by p. Set F p := F®q Q p and Of, p — Of®z Z p . Note that if p is 
inert or ramified in F, then -Fp/Qp is a degree two extension of local fields and a > a 
induces the non-trivial automorphism in Gal(_F p /Qp), while if p splits in F, then 
F p = Q p x Qp, and a i— > a corresponds on the right-hand side to the automorphism 
defined by (a, b) i— > (b, a). We denote the isomorphism Q p x Qp — > F p by u p . For a 
matrix g — (gij) with entries in Q p x Q p we also set i p (g) = ((i<p(gij))- For a split 
prime p the map l~ 1 identifies G(Q P ) with 

G P = {(31,52) € GL 4 (Qp) x GL 4 (Qp) | g x Jg\ = J}. 

Note that the map (31,32) ^ <?i gives a (non-canonical) isomorphism G(Q P ) = 
GL4(Qp). 

Denote by A (resp. Af, Af, A^.f) the ring of adeles of Q (resp. finite adeles of 
Q, adeles of F, finite adeles of F). For an adele a, we write af for its finite part. 
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Set Z := n p Z P: Of ■= O f ®z Z, if' = GL 2 (6 F ) and X = G(Z). Note that K is 
a maximal compact subgroup of G(Af). For any rational prime p, we denote by j p 
the canonical embedding G(Q P ) G(A). 

Let M n denote the additive group of n x n matrices. Set 

5 = {/i e Res OF/z A%o F I = *»}, 

T = {Ae 5(Q) | tr(£(Z)ft) C Z}, 
T p = {fte S(Q P ) | tr (5(Z p )ft) c Z p }, 

and 

r A = n r P cM 2(A f ). 

p 

For a matrix /i = (/i p ) p € T A , and a prime p, set 

e p (/i) = max{n S Z | —ftp G T p } 

and 

e(ft) =n^ ep(h) - 

p 

Note that since h € T A , we have e p (/i) > for every p. 

3. Some coset decompositions 

To shorten notation in this section we put U n — U(n,n). It is well-known (see 
e.g., [2], Theorem 3.3.1) that for any finite subset B of GL„(Aj?f) of cardinality 
Yif with the property that the canonical homomorphism cp defined as the com- 
posite A F -» A^,/F x C x O^ = C\f restricted to detB is a bijection, the following 
decomposition holds 

GL„(A F ) = |J GL n (F) GL n (C)bGL„((9p<). 

We will call any such B a &ase. We always assume that a base comes with a fixed 
ordering, so in particular if we consider a tuple (/b)beB indexed by elements of B, 
and apply a permutation a to the elements /{,, we do not consider the tuples (fb)beB 
and (/ CT -i(b))beB to be the same. 
Put 

H :={ae Rcs 0f/z G m/0p | aa = 1}, 

and let ip : Res£) F /z G m /Q F —> H be defined by (p(a) = a/a. Here G m denotes the 
multiplicative group. 

Lemma 3.1. For every rational prime p, we have det f7 n (Z p ) = Lp(0 Fp ). 

Proof. We have detZ7 n (Z p ) C V>{0 Fp ) by [H], Lemma 5.11(4). We will show 
the other containment. Every element of (p(0 Fp ) can be written as a/a for some 
a € Fp . For such an a, set x a := diag(a, 1,1,... , a^ 1 , 1,1,...), where a -1 is on 
the (n + l)st position. We certainly have x a € U n (Zi P ) and detx a = a/a. □ 

Proposition 3.2. isswrae 2 j /i F . For any base B the following decomposition 
holds 

(3.1) U n (A) = |J U n (Q)U n (R)p b U n (Z). 

beB 
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Proof. First note that {cF(detpb)}bet3 — CIf as long as 2 \ Hf- [Indeed, detp g = 
detq/detq. Since Np/Qdetq G A x C F x C x O F , i.e., detqdetg represents a prin- 
cipal fractional ideal of F, we have Ci?(det q) = CF(det and hence cp(detpb) = 
cf (det 6) 2 . Since 2 { Iif, ol \— > a 2 is an automorphism of CIf- Hence Cf (detS) = 
CIf implies {cp{detpb)}beB = CIf-] In the notation of Lemma 8.14 of [12], we have 
D = U n (R)U n (Z). By part (3) of that lemma, the map x i— *■ detx defines a bijec- 
tion between U n (Q) \ U n (A)/D and H(A)/H(Q) det D. Set U (in the notation 
of part (4) of that lemma) to be C x O F . Then part (4) of that lemma asserts that 
ip gives an isomorphism of A F /A X F X U with H(A)/H(Q)ip(Uo). By Lemma |3~T1 
we have tp(Uo) — detD. Thus the composite of x i— > detx with tp gives a bijection 
of C/„(Q) \ U n (A)/D onto A F /A x F x £/ , which in turn can be identified with CIf 
since A x = Q x x R + x Z x C F X U . □ 

Corollary 3.3. If (/iF,2n) = 1 a base B can be chosen so that for all b G B the 

matrices b and pb are scalar matrices and bb* = b*b = I n . 

Proof. It follows from the Tchebotarev density theorem, that elements of CIf can 
be represented by prime ideals. Since all the inert ideals are principal, CIf can be 
represented by prime ideals lying over split primes of the form (p) = pp. Let S be a 
representing set consisting of such ideals p. As (2n, hp) — 1, the set E 2n consisting 
of elements of E raised to the power 2n is also a representing set for CIf- Moreover, 
as pp is a principal ideal, p = p _1 as elements of CIf, hence E' := {p™p _ra } pe i; also 
represents all the elements CIf- Elements of E' can be written adelically as , 
with a.p = (1, 1, . . ., l,p,p , 1, . . . ) G Ap,i, where p appears on the p-th place and 
p~ x appears at the p-th place. Set b p = a p I n . Then we can take B = {bp}p np -^ e ^, 
and we have pb p = ctpl2n- It is also clear that bb* = b*b = I n . □ 

4. Hermitian modular forms 

From now on let k be a positive integer divisible by #C F . Let i = [ * . ] and set 

H '■= {Z G M 2 (C) | -i(Z - Z*) > 0}. 

The group G(R) acts on H - an element g = g] G G(R) (with A,B,C,D G 
M 2 (C)) sends Z G H to gZ := (AZ + B){C Z + D)~ l . Set j{g,Z) := det{CZ + D). 
For a congruence subgroup V C G(Q), define A^^(r) to be the C-space consisting 
of functions 4> : H — > C satisfying 

(0| fc7 )(Z) :-j(7,^)" fc 0(7^)-^) 
for all 7 G r. Denote by A4k(T) the subspace of A4' k (T) consisting of holomorphic 
functions. We call elements of A4k(T) the T-hermitian modular forms (of weight 
k). 

Let Ai' k denote the C-space consisting of functions / : G(A) — > C satisfying the 
following conditions: 

• fhg) = f(g) for all 7 G G(Q), g G G(A), 

• = /(f) for all k G -ftT, 5 G G(A), 

• f{hg) = j(hoo,gooi)f{g) for all g = 7^^ G G(Q)G(R)if, h = 1) G 
G(R)G(A f ). 

Let C C G(Af) be a finite subset such that 

G(A) = |J G(Q)G(R)cK. 
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In particular if Kf is odd we can take C — {pb}beB for any base B. Let / € M-' k . For 
g G G(A), write g — ^gooCK G G(Q)G(R)cK for a unique c G C and set Z := gooi- 
Set f c (Z) = j(goo,i) k f(cg). The map / i— > (f c )cec defines a C-linear isomorphism 
®c-M' k ^ U ce c M 'k( r c), where T c := G(Q) n (G(R)cifc" 1 ) (cf. [T5J, p. 80). If 
is odd, S is a base and C = {pfc}&eBj we write instead of r pb and /& instead 
of / P6 for b E B, and $g instead of $c- 

Definition 4.1. A function / G A4' k whose image under the isomorphism <I> lands 
in Jlcec -M-ki^c) will be called a hermitian modular form of weight k. The space of 
hcrmitian modular forms of weight k will be denoted by Mk- 

We clearly have 

(4.1) M k = l[M k (r c ). 

c£C 

For every q G G(Af), f q G Mk(T q ) possesses a Fourier expansion 
f q {Z)= J2 c g (h)e M «( hz l 

heS(Q) 

Similarly, every / G Mk possesses a Fourier expansion, i.e., for every q G GL^Ai?), 
and every h G S(Q) there exists a complex number Cf(h, q) such that one has 



/ 









q 




( 


J 2. 




q_ 


) 



= ^2 Cf(h,q)e\(ti ha) 

h£S{Q) 

for every a G S(A). Here ex is defined in the following way. Let a = (a v ) G A, 
where v runs over all the places of Q. If v = oo, set e v (a v ) = e 27rM ". If v = p, set 
e v (a v ) — e~ 27riy , where y is a rational number such that a v — y G Z p . Then we set 
eA(a) = n„ e„(a„). 

Definition 4.2. Let B be a base. We will say that g G GL2(A^) belongs to a class 
b G 2? if there exist 7 G GL2(-F), goo G GL2(C) and k G K' such that g = jbq^K. 

Remark 4.3. It is clear that the class of q depends only on gf . 

Lemma 4.4. Suppose r G GL2(A^?) and q G GL2(Ai?) belong to the same class 
and rf = 7gfK G GL2(-F)gf GL2(Of)- Then 

(4.2) c f (h,r) = (det^/d^t^) V 2wtr ( r ~' 1 ^^ 

Proof. It follows from the proof of part (4) of Proposition 18.3 of [12], that 

(4.3) c f (h,r) = (d^~) k e-^ tr ^ hr ^c Pri (h), 
where 

f Pr! (Z) = J2c Pr! (h)e^ hz . 
hes 

As is easy to see (cf. for example the Proof of Lemma 10.8 in [H]), f Pr{ — 

fpq, I fe 



Hence 



(4-4) c Prf (^) = (det 7 *)-% 9f ( 7 */, 7 )- 

The Lemma follows from combining (|4.3[) with (|4.4[) . □ 
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5. The Maass space 

Definition 5.1. Let B be a base. We say that / £ M-k is a B- Maass form if there 
exist functions c&,/ : Z>o — ► C, 6 £ 23, such that for every q £ GL^Ap) and every 
/i € 5'(Q) the Fourier coefficient Cf(h,q) satisfies 



(5.1) c f (h,q) = (dot qoo ) K e~ 2 * tT ^ hq ^ (det lb * ^ k 



x 



E 

d\e(Qfhqt) 



^ctj I D F d~ 2 deth J]V 



val p (dot q'f q t ) 



where q? — jb,qbK q £ GL2(F)6i^' for a unique 6 6 £>. 

Remark 5.2. Note that by [12 , Proposition 18.3(2), Cf(h, q) ^ only if (<f /ig) P £ 
T p , so e p (q}hqf) > 0. Also, note that Definition [5TT] is independent of the decompo- 
sition gf = jb,qbK q £ GL2{F)bK' . Indeed, if qf = q bn' q £ GL2(F)bK' is another 
decomposition of qf, then 

detT^detT,- 1 = det^,^)- 1 ) e 6 F n F x = 0*, 

so det( 7 ^) fe = det 7 £ 9 . 

Definition 5.3. The C-subspace of A4k consisting of 23-Maass forms will be called 
the B-Maass space. 

Let T' A (resp. T') be defined in the same way as Ta (resp. T p ) except we do not 
require that h £ T' A (resp. T p ) be hermitian. Define e', e' p in the same way as e, e p 
except replace T with T 1 . Then e = e'\r- 

Lemma 5.4. If h = (h p ) p £ T' A and k = (k p ) p £ K' , then 

e ' (hn) = e (kK) — e (h). 

Proof. If h p = p n ti, h! £ T p , then n p h p = p n n p ti £ p n T p . On the other hand, if 
Kphp £ p T p , then h p — n p l {n p h p ) £ p n T p by the above argument. So, h p £ p n T p 
if and only if Tp, so e p (hn) = e p (h). The other equality is proved in the 

same way. □ 

Corollary 5.5. If q £ GL 2 (Ai?) and r £ GL 2 (A^?) are in the same class, and 
ft — 79fK £ Gh2{F)qfK' , then e(r^hrf) — e(qfj*hjqt). 

Proposition 5.6. Choose a base B and let f £ A4k- If there exist functions 
j : Z>o — » C, b £ B, such that for every b £ B and every h £ 5(Q), the Fourier 
coefficient Cf(h,b) satisfies condition &5.1\) with * in place of Cbj, then f is a 
B-Maass form and one has cj,j — cj* j for every b £ B. 

Proof. Fix B and f £ Mk- Suppose there exist c£ * such that (|5.1[) is satisfied for all 
pairs (h,b). Let q — ^bxn = (^x,^bn) £ GL 2 (C) x GL 2 (Ap,f), where 7 £ GL 2 (F), 
x £ GL 2 (C) and k £ K' . Then by Lemma [44l 



c f (h,q) = (det goo ) fc e- 27rtr (^ ,l ^-T*' i T)(det7*)- fc c / (7*/ l 7,6). 
Since condition (|5.ip is satisfied for [h, b), we know that 

Cf(h,b) = e - 2 * trh ^^b.f ( D F d- 2 deth J| p val p (dct6*6) 

d\e(b*hb) 
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Thus 



Cf(j*hj,b) = e -2Ttr( 7 *h 7 ) d^ctj J DF^ 2 det( 7 */l 7 ) J]y a l p (dct&*fc) 



dez+ 

d\e(b* 7* hjb) 



So, 

(5.2) c/(fe,g) = (det ?00 ) fe e- 27rtr («» 719 -' (det 7 *)" fe x 

x ^ ( £>W~ 2 dctfrdet(7* 7 ) J^p val " 



(dot b*&) 



The claim now follows since e(&* 7 */i 7 6) = e(q^hqf) by Corollary 15 . 5 1 and det( 7 * 7 ) S 

Q+, SO det( 7 * 7 ) = J] p pval p (dct7*7). □ 

Proposition 5.7. If B and B' are two bases, then the B-Maass space and the B' - 
Maass space coincide, i.e., the notion of a Maass form is independent of the choice 
of the base. 

Proof. Let B and B' be two bases. Write = "fb,qbnB = lb',q^' K B' with b e B, 
b' e B', "fb,qHv,q S GL 2 (F) and kb,kb' € K' . Suppose / is a K-Maass form, i.e., 
there exist functions Cbj for b € B, such that for every q and h, 

c f (h,q) =t det( 7 ^)- fc J2 dk ~ lc bj(s), 

dez + 

d\e(qfhq t ) 

where t = (det qoc ) k e" 27rtr and s = L> F tT 2 det/i J] p p valp(dct9f * 9f) . Our 

goal is to show that there exist functions q,/ / for b' £ B', such that for every q and 

(5.3) c f (h,q) = t det( 7b *,, g )" fc £ dfe ~ lc "'j( s )- 

d|e(gj/ig f ) 

We have 

(5.4) det 7 b i9 = det jb',q det(6'& _1 ) det (k^ 1 Kg/). 

Since det(&'6 -1 ) corresponds to a principal fractional ideal, say {on,,b'), under the 
map {{ttb,v)p) !-* Ilp p valp((a6 . b ' )|j) , using [2], Theorem 3.3.1, we can write det(6'6 _1 ) = 
&b.b'Kb.b' S A Ff with K^f,' € O^. Then it follows from (|5.4[) that 

/? := « 6j6 / det^g 1 ^) e 6* n F x = O*. 

Hence = 1. Thus (dct 7b (J ) = fdet 7 £, g ) ObI ; ^ k ■ Note that is well 
defined and only depends on b and b' (i.e., it is independent of q and h). Set 
c b'j( n ) = a M' ~ kc bj{n). Then it is clear that cvj satisfies (|5 . 3[) . □ 

Definition 5.8. From now on we will refer to S-Maass forms simply as Maass 
forms. Similarly we will talk about the Maass space instead of S-Maass spaces. 
This is justified by Proposition \^7\ The Maass space will be denoted by M^f. 
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We now recall the definition of Maass space introduced in [7j. We will refer 
to it as the G(Z)-Maass space. Consider the space .Mfc(G(Z)) of G(Z)-hermitian 
modular forms of weight k. We say that (j>(Z) = J^heT c^e 2 ^ ^ hz ~> £ M k (G(Z)) 
is a G(Z)-Maass form if there exists a function : Z> — > C such that for every 
h € T, one has 

(5.5) Cj,(h)= ^2 d k - l a 4> {D F dT 2 deth). 

dez + 

d\e(h) 

The subspace of A4k(G(Z)) consisting of G(Z)-Maass forms will be denoted by 
Mf{G(Z)). 

Proposition 5.9. If 2 \ hp, then the Maass space is isomorphic (as a C-linear 
space) to #B copies of the G(Z)-Maass space M^f(G(Z)). 

Proof. Since the Maass space is independent of the choice of a base B by Proposition 
15.71 we may choose B as in Corollary 13.31 The map : Mk — * YibeB Mk(G(Z)) 
is an isomorphism. Let / 6 Ai^ and set (fb)beB = $b(/)- Set ctf b :— c b j. Then 
using (|4.3[) . and the fact that the matrices b commute with h and b*b = 1, we see 
that condition (|5.ip for Cf(h,b) translates into condition (|5.5[) for Cf b (h). Hence 
*B(Mf) C Il b&B Mf (G(Z)). On the other hand if (f b ) beB G n beB ^(G(Z)), 
set Cbj := a.f b - Then conditions (|5.5p for Cf b (h) translate into conditions (|5.1[) for 
c/(b,h). By Proposition 15 . 61 this implies that / is a Maass form. □ 

6. Invariance under Hecke action 

It was proved in [7] that the G(Z)-Maass space is invariant under the action of 
a certain Hecke operator T p associated with a prime p which is inert in F. On the 
other hand Gritsenko in [3] proved the invariance of the G(Z)-Maass space under 
all the Hecke operators when the class number of F is equal to 1. In this section 
we show that if the class number of F is odd, then the Maass space is in fact 
invariant under all the local Hecke algebras (for primes p\ Dp). 

6.1. The Hecke algebra. From now on assume that hp is odd. Let p be a rational 
prime and write K p for G(Z p ). Let TL p be the C-algebra generated by double cosets 
K p gK p , g £ G(Q P ) with the usual law of multiplication (cf. |12j . section 11). If 
K p gK p £ H p , there exists a finite set A g C G(Q P ) such that K p gK p — \_\ aeA K p a. 
For / £ M kl g £ G(Q P ), h £ G(A), set 

([K p gKp]f)(h) = £ fihjpia)- 1 ). 

aeA g 

It is clear that [K p gK p ]f £ A4k- 

Theorem 6.1. Letp\ Dp be a rational prime. The Maass space is invariant under 
the action of Tip, i.e., if f £ , and g £ G(Q P ), then [K p gK p ]f £ Mf. 

Proof. We will only present the proof in the case when p splits in F/Q. For such a 
prime p the invariance of under the action of Tt p follows from Lemma 16.21 and 
Propositions 16 . 71 16.101 and 16.111 below. If p is inert one can proceed along the same 
lines, however, it is the case when p splits that is essentially new. Indeed, if p is 
inert, the elements of Tip respect the decomposition (|4.ip . hence the statement of 
the theorem reduces to an assertion about the action of H p on M.k{G(Z)). Then 
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the method used in [3] can be adapted to prove the theorem. See also Theorem 7 
in [7] which proves the invariance of the G(Z)-Maass space for a certain family of 
Hecke operators in TL p . □ 

Let p be a prime which splits in F. Write (p) = pp. Recall that G(Q P ) = 
GL 4 (Q p ), and an element A of G(Q P ) can be written as A = (Ai, A 2 ) G GL 4 (Q p ) x 
GL 4 (Q P ) with A 2 = - J{A\Y 1 J. Note that if a, b,c,d£ M 2 (C) then 



-J 



a b 
c d 



J 



d —c 
—b a 



Set 



. T p :=K p i p ((di a g{p-\l,l,l),dia,g{l,l,p,l)))K p 

• U p := K p i p ((dia,g(p- 1 ,p~ 1 ,l,l) 7 dia,g(l,l,p 7 p)))K p , 

• A p := K p L p ((ph 1 p~ 1 I 4: ))K p . 

Lemma 6.2. The C-algebra TL p is generated by the operators T v , Tp, Up, A p and 

their inverses. 



Proof. This follows from the theory of Hecke algebras on Gi4(Q p ). 



□ 



6.2. Diagonalizing hermitian matrices mod p". We begin by proving an ana- 
logue of Proposition 7 of [7] for a split prime p. 

Proposition 6.3. Let n be a positive integer, p a prime number split in F and 
write (p) = pp. Let /i e T, h / 0. Then there exist a, d € Z + with p \ a and 
u G SL2(Of) such that 



u*hu = e(h) 



(mod p n T). 



In fact it is enough to prove the following lemma. 

Lemma 6.4. Provosition \ 6.S\ holds if T is replaced by the subgroup of hermitian 
matrices inside M2(Of). 

Proof. Without loss of generality we may assume that e(h) = 1. Let (M, M*) be 
the image of h under the composite 

M 2 {O f ) -» M 2 {0 F /p n ) ^ M 2 (0 F /p n ) 8 M 2 (0 F ff l ) = M 2 (Z/p n ) © M 2 {Z/p n ). 

Since the canonical map SL 2 (O f ) -> SL 2 {0 F /p n ) ^ SL 2 (Z/p") ffi SL 2 (Z/p") is 
surjective ([IT], P- 490), it is enough to find A Y ,A 2 G SL 2 (Z/p"Z) such that 



(6.1) A\MA x = [ a s ] 

with a mod p. The existence of such A\ and A 2 is clear. 



□ 



6.3. Invariance under T p . 
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Lemma 6.5. We have the following decomposition 
T p = □ K p 

a,b,ceZ/pZ 



1 b 
1 c 
P 

-a 1 



(6.2) 



U R p 

d,e£Z/pZ 

U k p 

fez/pz 



p 1 dp 1 ep 1 
1 



1 



1 d 

1 e 
1 

P 



u 



-/ 1 



u 





r i 




■ i 






i 




p 




( 


i 

L p^ 1 - 




i 

i. 


) 



K p 

Proof. This follows from an analogous decomposition for GL^Qp). 
Let g = T p f. Then for q £ GL 2 (Ai?) and a £ S(A), we can write 

= ^2 Cg(h,q)e A (te (ho-)). 
Define the following matrices 

,/ 2 ) £ GL 2 (Q P ) x GL 2 (Q P ) a = 0,l,...,p-l 



q aq 
q 



p —a 
1 



and 





'1 




( 






p. 



,/a ,G GL 2 (Q P ) x GL 2 (Q P ). 



For a = 0, 1, ... ,p, set a a = L p (a' a ) £ GL 2 (F P ). 
Lemma 6.6. One has the following formula 



v 



p 



a 



a=0 a=0 

Proof. This is a straightforward calculation using Lemma 16.51 □ 

Proposition 6.7. The Maass space is invariant under the action of T v , i.e., if 
f £ Mf, then g £ Mf. 



Proof. Choose a base B as in Corollary 13.31 In particular we have e(b*hb) = e(h) 
and val p (det6*6) = 0. By Propositions 15.61 and 15.71 it is enough to show that there 
exist functions q, jS : Z + — > C (b € B) such that 



(6.3) 



c g (h,b) = e- 2 * tlh al k - 1 c b . g (D F d- 2 deth) 



dez + 

d\e(h) 



For b £ B, set b' = ba p . Note that all of the matrices: ba a , ba a , (a = 0, 1, . . . ,p) 
belong to the same class b'. Denote any of those matrices by q. Then q — jb'.qb' ' n q £ 
GL 2 (F)b' K 1 and it is easy to see that 



det 7 £ i9 



1 q = ba a , a = 0, 1, . . .,p 
p~ k q = ba a a = 0, 1, . . . ,p, 
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and 

val p (det q*q) 



1 q = ba a a = 0,l,...,p 
-1 q = ba a a = 0, 1, . . . ,p. 



Write ft = e(h)ti . One has e(ft') = 1. Set D = Dp det ft and D' = D F det ft'. Using 
Lemma 16.61 and the fact that / is a Maass form, we obtain 

/ 

p 



(6.4) c g (h,b) =e- 2vtin x 



p'E E d^c b ,j(Dd-*p) + 

\ 



a=0 deZ + 
\ d\e(a^ha a ) 



X < 



+ p fc E E ^W^V) 

d|e(a*/ia a ) / 

Using Proposition 16. 3[ one can relate e(a*fta Q ) and e(a*ha a ) to e(/i) for a = 
0, 1, . . . ,p, and then (16. 4|) becomes 

(6.5) c s (ft, 6) = e~ 27rtr V £ 4 1} + e- 2 ^ h x 

o 

p 3 Eo4 1} pii?',p^W 

P fc (p + 1) E-i A 1] + p 3 E 4 X) p t £>',p I <ft) 

p 2 (p - 1) Eo 4 15 + p 2 Ei 4 1} + p fc Eo p I £>',p 1 <h) 

p 2 (p - 1) Eo 4 X) + p 2 Ei 4 1} + p fe Eo 4f 15 + p fe+1 E-i 4f x) p I p I <#0, 

where £„ = E«j| P » e (fc) 4"°. 4" = df-^Ddr V ). 

For D in the image of the map ft i— > Dpe(h) 2 deth and 6 G B we make the 
following definition 

(6.6) c M (£>) =p 2 (p+l) Cb -. / ( J Dp)+/(p+l) Cb , J (^- 1 ), 

where we assume that Cf,'j(n) = when n ^ Z+. If D is not in the image of that 
map, we set Cb, g {D) = 0. Note that we clearly have 

Cg (h, b) = e" 27rtr h c b>g (D F det ft) 

for every ft with e(ft) = 1. Thus to check if g lies in the Maass space we just need to 
check that (|6 . 3[) holds with c b . g defined by (|6.6[) . This is an easy calculation using 
(IB3D . □ 



6.4. Invariance under Up. This is completely analogous to the proof for T p , hence 
we only include the relevant formulas for the reader's convenience. 
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Lemma 6.8. We have the following decomposition: 

bp- 1 dp- 1 

U P = U < 

b,c,d,eGZ/pZ 





r i b 


c ' 




i d 


e 




P 


P . 



(6.7) 



U k p 

o,c,/ez/pZ 

u k>( 

e,feZ/pZ \ 

U *,( 

a,beZ/pZ \ 

U x p 

dez/pZ 



-fP 1 P 1 CP 1 



-fp p 



p- 1 bp- 1 

1 



-ap 1 p 1 



1 J 



la c 
P 

1 / 

P 





rp 






1 e 




5 


1 / 
P- 


) 



lab 
P 

P 



u 



p" 1 dp- 1 
1 

1 J 



1 d 
P 



( 


" 1 

1 




'p 

p 


) 




p- 1 




1 










1 






p-\ 









A„ 



As before, let g = T p f. Define matrices: 



,h e GL 2 (Q P ) x GL 2 (Q P ), 



7a 



1 

a p 



/ 2 € GL 2 (Q P ) x GL 2 (Q P ), a = 0, 1, . ..,p- 1, 



= ( , ,/ 2 J G GL 2 (Q P ) x GL 2 (Q P ), 
and set [3 P = L p (f3' p ) G GL 2 (F P ), 7q = tp( 7 ^) G GL 2 (F p ) (a = 0, 1, . . . ,p). 
Lemma 6.9. One has the following formula 

p p 

c g (h,q) =p 4 C f(h,qf3 p ) + c f (h,qf3 p ) + c f (h, qj a %)- 

a=0 6=0 

Proposition 6.10. The Maass space is invariant under the action of Up. 

Proof. This is similar to the proof of Proposition 16.71 Let b, D, D' , h, h! be as in 
that proof. Then for all a, c, we see that b[5 p , b(3 p , b^ a lc all he in the same class 
V = b[3 p . One has 

1 q = b(3 p 

detjb', Q = {P~ k Q = bja%, a,ce {0, l,...,p} 

-2k 



and 



p q = b[3 p , 

'2 q = b/3 p 
val p (det q* q) = { q = bj a %, a, c G {0, 1, . . . ,p} 
-2 q = b(3 p . 
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Using Proposition 16.31 as in the proof of Proposition 16.71 we obtain 
(6.8) 

c g (h, b) = e-^ V £ Af +p* A^+p k +\p+l) £ 4 0) +/ +3 E A f- 



-l 



e 



IEi^ (0) + Cp-i)E ^ (0) p 2 I^'> 

where if there is no d dividing p n e(h), we set = 0. For D in the image of the 
map h i — ► Z? F e(^)" 2 det/i, we make the following definition: 

(6.9) c 6 , fl (£>) = pV/0V) + (/ +3 +/ +2 +/ +1 )c b , J 0D)+ 

p k+2 c b/f (D) p\D,p 2 ]D 
p k + 2 c b ,, f (D) +p 2k c b ,j{Dp- 2 ) p 2 | D. 

We now check as in the proof of Proposition 16.71 that g is a Maass form. □ 

6.5. Invariance under A p . Let g = A p / and set S p — ^{{p^li^pl^)). Then we 
have 

c g (h,q) = Cf(h,q6 p ). 

Proposition 6.11. The Maass space is invariant under the action of A p . 

Proof. Let B be as before. For b g B set b' = bS p . One clearly has val p (5*5 p ) = 
and e(S*h5 p ) = e{h). Hence one can define 

(6.10) c b , g (D)=c b ,j(D). 

The claim is now clear. □ 

7. Descent 

Assume that hp is odd. Let \ F be the quadratic Dirichlct character attached 
to the extension F/Q. For a positive integer n, set 

a F (n) = #{a € {iD F 1/2 F )/0 F \ D F N F/Q {a) = -n (mod D F )}. 
Let B be a base as in Corollary 13.31 

Theorem 7.1. There exists a C -linear injection of vector spaces 
DescH ■■Mf^H M k _ x {D F , XF ), 

6GB 

such that Desc(J) = {F b ) b ^s with 

a F b («) = «-7^=c 6 ,/(n), 
V T) F 

where a Fb (n) is the n-th Fourier coefficient of F b . The map Descg depends on the 
choice of B. 

Proof. This follows immediately from [TJ, Theorem 6 and formula (4) using our 
assumption on B and (|4.3p . □ 
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Remark 7.2. Krieg in [7] explicitly describes the image of the descent map he de- 
fines and denotes it by Gk-i(DF, Xf)* ■ The image of Desc is exactly Y\ bG B Gk-i{DF, Xf)* C 
U b eB M k-i(D F , XF ). 

Let Sb denote the group of permutations of B. For 6 E B, let cr Pjn E Sb be 
the unique permutation such that ba p is in the class of er Pjn (6). If A = (ab)beB 
is an ordered tuple indexed by elements of B, we define a pn A = {a a -i ^)beB- 
Moreover, for b E B and n E Z, write jb.p.n for an element of G(Q) such that 
6a™ = 7b,p,nO-p,,i(fr)K for k E K, and denote by 7e,p, n the S-tuple (det 7^ p n )beB- 

For a rational prime p j denote by T p the operator acting on Jibes ^k-i(Dp, xf) 
which sends (F b ) beB to (F 6 ') 6eBj where F 6 (z) = a(n)e 2 "" z , F 6 '(z) = £^° =1 a'(n)e 2 ™" 2 

with a'(n) = a(np) + XF(p)p k ~ 2 a('n/p). Here a(m) = if m ^ Z>o- Denote by T p 
the C-subalgebra of endomorphisms of Jlbee Mk-i (Dp, Xf) generated by T p , the 
group Sb and 23-tuples of complex numbers acting on Y\ beB Mk~i(Dp,XF) in an 
obvious way. 

Theorem 7.3. Let p be a rational prime which splits in F/Q. There exists a 
C-algebra map 

Descg,p : H p — > T p , 
such that for every H E H. p the following diagram 

M k ► M k 

Dcscg Dcscg 

n beB Mk-i(D F , X f) DCSCB ' p(H) > UbeB M k ^(D F , X F) 

commutes. Moreover, one has 

Desc B , P (r p ) = (7B,p,i)"V(P + o a pA , 

(7.1) Des Ci?:P (C/ p ) = (7e, P , 2 )"V(T; 2 + p fe " 3 ) o a p<2 

DescB jP (A p ) = (-fB,p,4y k(J PA- 

Proof. This follows from Theorem O and formulas (HU), (H]), and (pTTUj) . Just 
for illustration, we include the argument in the case of T p . Let / g Alf and set 
g = T p /. Fix b E B and write b\ for cr P) i(6) and b' for 6a p . There exist diagonal 
matrices 7 G G(Q) and n E K such that b' — 761K (hence also 61 = 7~ 1 6'k~ 1 ). 
Identify Mf with n 6£B A^(G(Z)) via /' » (#) ieB . For E Mf(G(Z)), h E T, 
denote by c$(h) the h- Fourier coefficient of <f>. We will study the action of T p on 
c fb 1 C 1 )- Since / is a Maass form it is enough to consider h of the form *]. Fix 
such an ft. Set D = Dp det h. Then by (TO)) and IpTo) , 

c gt (fc) = e 27rtr 6) = p 2 (p + l)(c VJ (Dp)+p k - 2 c b ,j(Dp- 1 )). 

By (O and ([El]), we have 

(7.2) 

(M 1 P ]) = e^Mc, (/if 1 ,] ,60 = c blJ (D P ) = (det^Cb'ADp) 

Of* ( h I" 1/p]) = ^ U ' h[1 1/p]c f (M 1 1/p] ,61) = ChADp- 1 ) = 
= (det^cv jiDp- 1 ), 
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where we have used the fact that e(h) = e (h [ 1 p ]) = e (h [ 1 i/ p ]) = 1 for h as 
above (the last equality holding for h such that ^ i/ p ] eT). This gives us 

c gb (h)=p 2 (p + 1) (det 7 * ) ~ k (c bl j (Dp) + P k - 2 c blJ (Dp- 1 )) . 
The claim now follows from Theorem l7.il □ 

For completeness we also include the analogue of Theorem 17.31 for an inert p. It 
can be proved in the same way or can be deduced from the results of section 3 of 
®. 

Let p be an inert prime. The Hecke algebra TC P is generated by the double cosets 
T p := K p diag(p- 1 , l,p, l)K p and U p := K p diag(p- 1 ,p- 1 ,p,p)K p . 

Theorem 7.4. Let p be a rational prime which is inert in F/Q. There exists a 
C-algebra map 

DescB.p : H p — > T p , 
such that for every H £ TL p the following diagram 

M k > M k 

Descg Dcsce 

n be6 Mk-i(D F , xf) DCSCB ' p(g) > UbeB M k ^(D FlXF ) 

commutes. Moreover, one has 

Be S c B , p (T p )=p- k + 4 (p 2 + l)T p 2 +p 4 +p 3 +p-l, 
Desc 6 , p (C/ p ) = p 8 (T p 4 + (p + 3)p k - 2 T 2 + P 2fc ~ V + P + !))• 
References 

1. Anatolii N. Andrianov, Modular descent and the Saito-Kurokawa conjecture, Invent. Math. 
53 (1979), no. 3, 267-280. 

2. Daniel Bump, Automorphic forms and representations, Cambridge Studies in Advanced Math- 
ematics, vol. 55, Cambridge University Press, Cambridge, 1997. 

3. V. A. Gritsenko, The Maass space for SU(2,2). The Hecke ring, and zeta functions, Trudy 
Mat. Inst. Steklov. 183 (1990), 68-78, 223-225, Translated in Proc. Steklov Inst. Math. 1991, 
no. 4, 75—86, Galois theory, rings, algebraic groups and their applications (Russian). 

4. T. Ikeda, On the lifting of hermitian modular forms, Preprint (2007). 

5. Krzysztof Klosin, Congruences among automorphic forms on U(2, 2) and the Bloch-Kato 
conjecture, preprint (2006). 

6. Hisashi Kojima, An arithmetic of Hermitian modular forms of degree two, Invent. Math. 69 
(1982), no. 2, 217-227. 

7. Aloys Krieg, The Maafi spaces on the Hermitian half-space of degree 2, Math. Ann. 289 
(1991), no. 4, 663-681. 

8. Nobushige Kurokawa, Examples of eigenvalues of Hecke operators on Siegel cusp forms of 
degree two, Invent. Math. 49 (1978), no. 2, 149-165. 

9. Hans Maass, Uber eine Spezialschar von Modulformen zweiten Grades. II, Invent. Math. 53 
(1979), no. 3, 249-253. 

10. I. I. Piatetski-Shapiro, On the Saito-Kurokawa lifting, Invent. Math. 71 (1983), no. 2, 309-338. 

11. Jean-Pierre Serre, Le probleme des groupes de congruence pour SL2, Ann. of Math. (2) 92 
(1970), 489-527. 

12. Goro Shimura, Euler products and Eisenstein series, CBMS Regional Conference Series in 
Mathematics, vol. 93, Published for the Conference Board of the Mathematical Sciences, 
Washington, DC, 1997. 

13. D. Zagier, Sur la conjecture de Saito-Kurokawa (d'apres H. Maass), Seminar on Number 
Theory, Paris 1979-80, Progr. Math., vol. 12, Birkhauser Boston, Mass., 1981, pp. 371-394. 



